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Purpose: CT image reconstruction techniques have two major categories: 
analytical reconstruction (AR) method and iterative reconstruction (IR) method. 
AR reconstructs images through analytical formulas, such as filtered 
backprojection (FBP) in 2D and Feldkamp-Davis-Kress (FDK) method in 3D, 25 
which can be either mathematically exact or approximate. On the other hand, IR 
is often based on the discrete forward model of X-ray transform and formulated as 
a minimization problem with some appropriate image regularization method, so 
that the reconstructed image corresponds to the minimizer of the optimization 
problem. This work is to investigate the fused analytical and iterative 30 
reconstruction (AIR) method. 
Methods: Based on IR with L1-type image regularization, AIR is formulated with 
a AR-specific preconditioner in the data fidelity term, which results in the 
minimal change of the solution algorithm that replaces the adjoint X-ray 
transform by the filtered X-ray transform. As a proof-of-concept 2D example of 35 
AIR, FBP is incorporated into tensor framelet (TF) regularization based IR, and 
the formulated AIR minimization problem is then solved through split Bregman 
method with GPU-accelerated X-ray transform and filtered adjoint X-ray 
transform. 
Results: FBP, IR, and AIR were compared using Siemens imaging quality 40 
phantom scanned with TomoTherapy megavoltage CT. The reconstruction was 
performed with the regular fully sampled case (100% data) and the low-dose 
undersampled case (25% data). Quantitative contrast and resolution evaluations 
were computed, including the full width at half maximum (FWHM) and the 
contrast-to-noise ratio (CNR). The experimental results suggest that AIR provides 45 
better image resolution and contrast than FBP or IR. 
Conclusion: AIR, the fused Analytical and Iterative Reconstruction method, is 
proposed with a proof-of-concept 2D example to synergize FBP and 
TF-regularized IR, with improved image resolution and contrast for experimental 
data. The potential impact of AIR is that it offers a general framework to develop 50 
various AR enhanced IR methods, when neither AR nor IR alone is sufficient. 
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Introduction 
CT image reconstruction techniques1 can be classified roughly into two categories: 
analytical reconstruction (AR) method and iterative reconstruction (IR) method. Inspired 
by compressed sensing2-3, L1-type IR techniques4-14 for computed tomography (CT) have 60 
been well studied in the last decade, which provide the improved imaging quality over 
AR in terms of noise and artifact reduction and contrast enhancement, particularly for 
low-dose CT. However, the image resolution from IR may sometimes be compromised15, 
especially with the noisy data from low-dose or partial-view scans, while AR maintains 
the resolution despite of noise and streaking artifacts. On the other hand, the conventional 65 
wisdoms in AR16-22 seem to be irrelevant for IR. 
This work is to investigate the fused analytical and iterative reconstruction (AIR) 
method. We will present a novel mathematical framework to fuse AR and IR, study a 2D 
example of AIR by combining FBP and tensor framelet (TF) regularized IR13,15, and 
perform the proof-of-concept experimental studies using the TomoTherapy (Accuray Inc., 70 
Sunnyvale, CA) megavoltage CT scans of a Siemens imaging quality phantom (Siemens 
Medical Solution, Concord, CA)23. 
 
Methods 
The key of AIR for integrating AR and IR is to consider the preconditioned version 75 
of the IR formulation, i.e., 
)(||)(||minarg 22 XRYAXPX
X
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where P comes from a AR-specific filtration step that will be explained next. In Eq. (1), 
A, X and Y stand for the system matrix, the unknown image, and the projection data, 
respectively. R(X) is the image regularization term with the balancing parameter λ. 80 
Most AR methods contain or approximately have two steps: first filter the data and 
then backproject the filtered data. Let A-1 denote the AR method, then A-1=BC with the 
backprojection operator B and filtration operator C. Then let us define P=C1/2, in the 
sense that 
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where F is the Fourier transform. Eq. (2) utilizes the fact that the filtration operator C is 
diagonalizable in the Fourier domain. Then we have 
2/1CPP T == .        (3) 
As an illustration, let us consider AIR with a simple L2 regularization R(X)=||X||2. 
From the optimal condition of Eq. (1), the solution can be obtained by solving 90 
PYPAXIPAPA TTTT =+ )( λ .      (4) 
Next, by introducing the filtered adjoint X-ray transform operator A'T=ATPTP and using 
Eq. (2) and (3), we have 
YAXIAA TT ′=+′ )( λ .       (5) 
That is, due to the preconditioner P, the adjoint X-ray transform AT is replaced by the 95 
filtered adjoint X-ray transform A'T, which is slightly different from the AR operator A-1.  
This feature with the minimal change in solution algorithm also applies to L1-type 
regularization. For example, with the Split Bregman method24 as the solution 
algorithm10-11,15, the major change from IR to AIR is the L2 step in the Bregman loop, 
which can be solved in the similar fashion as Eq. (5). As an another example, when using 100 
the forward-backward operator splitting method25, the proximal step is the same for IR 
and AIR, and the forward step becomes 
)(2/1 YAXAXX kTkk −′−=+ µ .       (6) 
Again, the only difference in solution algorithm for IR and AIR is that AT is replaced by 
A'T, with a filtration step followed by the adjoint X-ray transform. 105 
 
Materials 
In this proof-of-concept study, we implemented a 2D version of AIR using tensor 
framlet regularization13,15. FBP was used as the AR method, and the Split Bregman 
method10-11,15,24 was used for solving IR and AIR. The reconstruction codes were 110 
parallelized on GPU with the fast parallel algorithms26 for computing A, AT and A'T. 
The experimental data was acquired using a Siemens image quality phantom from a 
TomoTherapy HD unit with on-board megavoltage CT imaging system. There were 528 
effective detection pixels per view, and 800 or 200 projection views per rotation for the 
fully-sampled case (100% data) or the equally-undersampled case (25% data). The 115 
images were reconstructed to a 350×350 square pixel array with 1×1 mm2 resolution. The 
same imaging geometric parameters15 were used for FBP, IR, and AIR. 
 
Results 
The resolution slice is displayed in Fig. 1 (100% data) and Fig. 2 (25% data) with the 120 
quantitative FWHM values in Table 1 and the Cross-line plots in Fig. 5. With 100% data, 
suggested by Figs. 1(a) and 1(c), AIR provided better image resolution than FBP, which 
was due to the use of TF image regularization for noise suppression. From Figs. 1(b) and 
1(c), AIR also had better image resolution than IR, which was due to the fused FBP step 
in IR for preventing over-smoothing. For example, the bar group with 4 line pairs per cm 125 
(lp/cm) was clearly better distinguishable for AIR (Fig. 1(f)) than for either FBP (Fig. 
1(d)) or IR (Fig. 1(e)). The same observation carried over to 25% data, suggested by Fig. 
2. For example, the bar group with 3lp/cm was clearly better distinguishable for AIR (Fig. 
2(f)) than for either FBP (Fig. 2(d)) or IR (Fig. 2(e)). Moreover, the superiority of AIR in 
imaging resolution was also confirmed from the profile plots of the 3lp/cm bars in Fig. 5 130 
and their corresponding full-width-at-half-maximum (FWHM) values. 
The contrast slice is displayed in Fig. 3 (100% data) and Fig. 4 (25% data) with the 
quantitative contrast-to-noise (CNR) values in Table 2 (i.e., |µt-µb|/(σt2+ σb2)0.5 with the 
averaged value µt/µb of the target/background, and the standard deviation σt/σb of the 
target/background). With 100% data, suggested by Figs. 3(a) and 3(c) and Table 2, AIR 135 
had better image contrast than FBP, which was again due to the use of TF image 
regularization for noise suppression. Furthermore, suggested by Figs. 3(b) and 3(c) and 
Table 2, AIR also had slightly better image contrast than IR. With 25% data, suggested 
by Fig. 4 and Table 2, the same situation was observed.  
 140 
Conclusion 
We have proposed AIR, a novel mathematical image reconstruction framework, to 
integrate AR and IR, and demonstrated the improved imaging quality of a 
proof-of-concept 2D version of AIR from AR or IR using experimental data scanned 
from TomoTherapy megavoltage CT with either fully-sampled data or 145 
equally-undersampled data. 
The potential impact of AIR is that it offers a general framework to utilize the 
conventional wisdoms from both AR and IR, and develop AR enhanced IR under various 
settings with different utilities, when either AR or IR alone is insufficient. 
 150 
 
 
FIG. 1. The evaluation of image resolution with 100% data. (a)-(c) are from FBP, IR, and AIR 
respectively, and their corresponding zoom-in details are in (d)-(f).  
 155 
FIG. 2. The evaluation of image resolution with 25% data. (a)-(c) are from FBP, IR, and AIR 
respectively, and their corresponding zoom-in details are in (d)-(f).  
 
FIG. 3. The evaluation of image contrast with 100% data. (a)-(c) are from FBP, IR, and AIR 
respectively, and their corresponding zoom-in details are in (d)-(f). Here the ROI's for quantitative 160 
CNR evaluations are marked in (a) with each smaller circle for the target and annulus as the 
background for the CNR calculation. 
 
FIG. 4. The evaluation of image contrast with 25% data. (a)-(c) are from FBP, IR, and AIR 
respectively, and their corresponding zoom-in details are in (d)-(f).  165 
 
 
 
FIG. 5. The profiles of 3lp/cm bars(Fig. 1(d)) of the resolution slice. (a): 100% data; (b): 25% 
data. 170 
TABLE. 1. Quantitative resolution evaluation via the FWHM values of the 3lp/cm bars (Fig. 
1(d)). 
 
 FBP IR AIR 
100% data 1.76 1.92 1.66 
25% data 1.92 1.99 1.75 
 
TABLE. 2. Quantitative contrast evaluation via the CNR values of ROI's (Fig 3(a)) 175 
 
  ROI1 ROI2 ROI3 ROI4 
100% 
data 
FBP 4.32 3.40 1.43 1.03 
IR 4.53 4.00 2.38 2.05 
AIR 4.59 4.03 2.54 2.26 
25%  
data 
FBP 4.04 3.42 1.41 1.18 
IR 4.17 3.46 1.58 1.43 
AIR 4.32 3.85 1.99 2.07 
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